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Operators of Approximation of Functions f(x, y) by their
Projections on the System of Nonparallel Lines for
Computed Tomography

Vitaliy Mezhuyev, Oleh M. Lytvyn, Oleh O. Lytvyn, luliia I. Pershyna, Olesia P. Nechuiviter, and
Yevheniia L. Khurdei

Abstract—Operators of approximation of the functions of two
variables, interpolating the functions by their projections along
M nonparallel lines, were not sufficiently considered in the
scientific literature. At the same time, this theoretical problem
has a strong practical interest when the given projections
(integrals along lines) come from a computed tomography
scanner. The paper constructs the interpolation operator which
exactly restores the polynomials of degree M-1. The method was
investigated for a system of mutually perpendicular lines and for
three nonparallel intersecting lines (sides of a triangle). An
integral representation of the residual member of the
approximation by the obtained operators for differentiable
functions is found. The proposed method allows to expand
theory and practical applications of computed tomography.

Index Terms—Computed tomography, approximation,
operators of interpolation, projections among lines.

. INTRODUCTION

Modern science and technology (astronomy, radiology,
computed tomography, holography, radar technology etc.)
based on the use of digital tools, algorithms and methods.
Mentioned domains need a development of mathematical
models and methods, applicable to the new types of input
information. An important case is when an input information
is given as the set of traces of a function on the planes or on
the lines. The theory of interlineation and interflatation of
functions gives the general operators to solve such types of
problems. Papers [1], [2] demonstrated, how the operators of
interlineation and interflatation of functions can be used to
develop a method of numerical integration of highly
oscillating functions of many variables.

Works [3]-[5] constructed the new information operators to
solve the problems of computed tomography, where the paper
[5] considers the heterogeneity of an internal structure of the
body.

Works [6]-[8] devoted to solving the problems of
computed tomography based on the use of direct and inverse
Radon transform, Fourier direct method etc.
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Works [9] and [10] proposed a new approach for
constructing of operators of approximation of functions of
two variables by the use of known projections along a given
system of lines. Given approach also takes into account the
points of intersection of M lines.

Work [10] investigated the case when a system of lines is
mutually perpendicular. Works [11] and [12] considered the
cases of three non-parallel crossed lines and the system of M
crossed lines, which do not intersect at one point. Work [13]
investigated the method of approximation of functions of two
variables, where the projections along the sides of a triangle
were used an input information.

For the best or our knowledge, there is no existing method
for constructing operators for the approximation of the
functions of two variables, which uses the interpolation data
given on the system of non-parallel lines and also projections
— integrals along the given system of lines.

It should be noted that within the framework of classical
computed tomography only the projections (integrals) are
used. In the works [4], [5] the stated problem is formulated,
but an explicit analytic solution is given only for the case
when the systems of lines are mutually perpendicular.

This paper constructs the interpolation operators which use
the known projections of functions along given M nonparallel
lines, which have no more than one intersection at one point.
The novelty of the proposed approach is the selection of
unknown interpolation values of the approximate function at
the points of intersection of the lines. For it the operator, built
by interpolation data at the points of intersection of given
lines, must accurately restore the polynomials of M-1 (M=3)
degree or it is found from the condition of a minimum of the
operator by the method of least squares.

Il. CONSTRUCTING OF THE OPERATORS FOR INTERPOLATION
OF FUNCTIONS f (X, y) AT THE POINTS OF INTERSECTION OF

M LINES
f(x,y) e C(D), D =supp(D)

Let us D < R?,diam < oo,

I"=DAT, #06,k=1M . Let the function f(x,y) has the
f(x,y) =supp(D).
Let’s consider M nonparallel lines, which are described by the
equations 7 i (x,))=a -x+f8.-y—p. =0, k=LM ,
a’+b? =1.

given  the area

following properties: f(x,y) e C(D),
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Let’s build the operator L1,, f(x,y), which interpolates

f(x,y) in the points (X .Y, )el , NI, , p,q:L_M ,
p #q as:
M M
L1, f(x,y) :sz(xkllYkl)hkl(X! y), 1)
k=1 1=1
o
M @;(%,Y)
where h,(x,y) =] [ ———.
¢ ]j:[a)j(xkl'Ykl)

JE3S
J#l

Lemma 1. The operator L1, f(X,y) interpolates each
continuous function f(x,y) in the points (X,,,Y,) .

p.g=LM, p=q:

Ly T (X 0. Ypa) = T (X 0. Y,a) P.A=LM , pQ.

Proof.
By substituting the formula (1) by x = X ., y =Y, we

will get L1,, f(qu,qu):ZZf(Xk,,Yk,)hk,(qu,qu).
k=1 1=1
1k
I<k

M X Y
Consider that h (X ,.Y,,) = Hw( o0-Yon) , and
1 w(XkI’YkI)

kI
0. That is, only when

W

]
]
if j=p or j=q, thenw;(X,,Y,,) =
k=p,Il=q hkl(qu’qu):]"
That is why
M M
L1y, (X .Y ) :sz(xkl’Ykl)Ak,pAl,q = T (Xpq:Ypa)
k=1 1=

1k
I<k

— is a Kronecker symbol.
f(X,0.Y5) P.A=LM, p=q.

where A, .
So, L1, f(X 4, Yp) =

Lemma 1 is proven.
Let’s build the operator L2,, T(x,y) as:

Ha)k (x,y)

L2, f(xy)= zj f(x,y)ds, k“—
=L j Ha)k(x y)ds,

k=1
rj k#j

Lemma 2. The operator L2,, f(x,y) has the following
properties

)

L2, f(X 1Y) =0, p,q:],_M, p #a.

Proof.
Substituting the formula (2) by X=X ., y =Y,
Consider that
Hwk(qu’qu)
L2, F (X, Y,0) = zj f(x,y)ds, k"
_11—~

J Ha)k (X, y)ds

Jk¢]

because in some cases k=p or k=q , we
: M
have @ (X,,Y,,)=0 That is [To(X,0.Y,)=0
oy
j=1..M.

S0, L2, f(X,,.Y,e) =0, p.a=LM, p=q.

Lemma 2 is proven.

I1l. THE CONSTRUCTION OF THE OPERATORS OF
INTERPOLATION OF THE FUNCTION OF TWO VARIABLES ON A
SYSTEM OF INTERSECTIONS OF NON-PARALLEL LINES

Let’s use the designation:

Ly FOxY) =11y, T(xy)+ L2, (F(x,y)- L1, T(xy)) ()
Theorem 1. The operator L,, f(x,y) has the following
properties:

1) L, F(X g Yoq) = F(X g, Y50), PO = =LM,p=g;

2) jL f (x, y)ds, _jf(x y)ds;, j=1M.

FJ I"J-

Proof.

1) From the Lemma 1 it  follows  that
L1, F(X,q ) = T(X,Y,,) - Therefore, considering
that L2, (f(X,,Yp) =Ly F(X . Y,)) =0 we will
have

Ly F(X 4 Yp) =
= L1y, F(X 0, Ypq) + L2y F(X 0 Yoe) — L2y L1, F(X 0. Y,) =
= L1, F(X 0. Yo0) + L2y (X0 Vo) —

L2, L1, T (X, Y,) =
= F (X0 Ype) + L2y T (X0, Y,0) — L2, T (X0 Yp0) =

= (X, Yy) P.A=1LM, pq.

Thus, the first statement of Theorem 1 is proven.
To prove the statement 2 of the theorem, let's draw
attention to the fact that when integrating the function

L2, (f(x,y)—L1, f(x¥y)) along the line F; all the

terms except the term when K = j will be 0. That's why

2)

| Lu f(x y)ds; =
= [ (L FO0 )+ L2 (F(x, ) - L, £(x, ) )ds; =

= J L1, f(x y)ds; +

H @, (X,Y)

J'(f(x, y) - L1, f(x,y))ds, —"
Iy _[Hwk (X, y)dsk

o=l
K izk

dsj

42 _

j k

=J L1, f(x,y)ds; +

ry
]

jHa) (x, y)ds,

#k

Sy -, AL S—
“n mw(x y)ds,

T |¢k

155
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:J L1, f(x,y)ds; +
Ty

S, j _[H(U, (x, y)ds;

I izk

3 [ (FO0y) =L, F(x y)ds,

k5 [ TTa0xy)s,
= J L1, f(x, y)ds; +
j Ha) (x, y)ds;
+_[(f(x y) - L1, f(x,y))ds, ! "k
r j Ha)(x y)ds
= J L1, f(x,y)ds; + J f(x,y)ds, — J L1, f(x,y)ds; =

i

:f f(x,y)ds;, j=LM
r

Theorem 1 is proven.
Lemma 3. Every polynomial with (M -1) degree with

properties R, ,(X,,,Y,,) =0 can be uniquely represented in

M M
the form L2, B, ,(x,y) =Y a [ Ja(xy)-

k=1 i=1
izk

Proof.

Since all the lines intersect with each other and there no
intersection of more than two lines in one point, it is obvious
that L2y, By 1 (X,q.Y,) =0, p 0 because each

M

multiplication ij(x,y) contains multiplier @,(x,y) or
j=1
J#k

@, (X, y) , which is equal to 0 in the point (X ,Y,,)

To prove that there are a,, k =1,M not equal to 0, let’s
find them from the system

) L2, f(x,y)ds; = | f(x,y)ds; =7,,j=1...M
A 7

_[LZ Py (X, y)ds, —Zaijaz(x y)ds; =

k=1 i=1
F’ izk

=a, co,

rji=l
Tizj

(x.)ds, =7,

because for every k= j the multiplication will include a
multiplier @ (x,y) =0 on the line ;.

Vi -1

[TTotxyes,

el
Vizj

Let's prove that a = j This

M

equality is obvious if J'le (x,y)ds; %0
=l
Jizj

We suppose that f (x, y) is finite such that supp f (x,y)=D
and each line ', crosses this area so that the coordinates of the

points (X, .Y ) . (X, .Y, ) satisfy the condition
-[Ha),(x,y)dsj;to-
=l

Fizj

156

Remark. For the case M =3 a proof that

fHa;(x y)ds; =0 is obvious if to apply an integration

along the sides of the triangle.
Lemma 3 is proven.
Theorem 2. Each polynomial having (M —1) degree can

be uniquely represented by M projectionsalong M linesT",,

j=1LM, and by means of C/, , interpolation data in the

points of intersection of these lines.
Proof.
The polynomial of M degree of two variables has

CZ., 7M2(M+1) coefficients. Polynomial of M-1 has

Ci.,=Clh.= (M+)M coefficients. Interpolation operator

Lf(xy)= >, f(Xu,Y )hij(x,y) has
0<i+j<M -2

Cl,.,=C} _MMM=Y) - eficients.

Then the formula for the polynomial
L FOGY) = Ly FO6 )+ L2, (F(x V) L1, F(xY))  will
have the degree M —1.

Polynomial L1, f(x,y) has (M —2) degree with

properties L1, f(x,y)= f(x,y),

Pu_z :{

vf(x,y)ePR, , . where

D> axy a ek

— a set of polynomials of
0<i+ j<M -2

two variables of degree (M -2) Let’s build the
M-1 M
Operator Ll PM Z(X y) z z PM Z(er’Yrs)hrs(X y) 1
r=1 s=r+l
Mo wi(X,Y) .
where h (X, y) = HW These functions are the

j#r,s

polynomials of degree (M —2) , because each function
h.(x,y) is the basic polynomial

M (M —1)

of the Lagrangian

interpolationin C? = intersection points of M lines,

having no more than one intersection at one point. As,
M (M —1) M—12+2MJ:M(M +1)’ then

the system of functions h (x,y) r,s=LM , F#S and

M
[[eoxy)
r=1

j]‘[w (x,y)ds,

1" r=1
r#s

Ci+M= +M=M(

create a complete linearly independent

system of polynomials with degree<M —1. Let us consider
the function L, f (x,y) =L2,,(f(x,y)—L1, f(x,y)), which
has the properties:
1) This function is a polynomial of degree M —1;
2) L2,P,,(X..Y.)=0,rs=LM, r#S.
According to the assumption of the lemma 3, the
polynomial L2, f(x,y) can be found by use of M
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projections along the specified system of straight lines. It can
be represented as

L2;, f(x.y) =

Ha)k (Xv y)

k+j
M

[ TTexy)as,

7 kA
Pk

i
=

[ (F O y)-L1, fxy)ds,

I

M
because of assumption J' Ha)k(x, y)ds; #0.
k=l

From here we will receive
Ly f(xy) =Ly, T(xy)+L2, (f(xy)-L1y, f(Xy).

which satisfies all the necessary properties of the theorer
Theorem 2 is proven.

IV. AN INTEGRAL REPRESENTATION OF THE REMAINDEI
THE APPROXIMATION

f(Xrs:Yrs)@r (Xrs, Yrs) =0, @5 (X s, Yrs) =0;

unknown
r,se{l,2,...M}hr=s
V. EXAMPLE
Let us consider a triangle with  vertices
A(R,O),A{—%,@J,A{—;—@J and equations of

the sides (see Fig. 1):

Iy top(x,y) =(x_X1)(Yz _Yl)_(y_yl)(Xz _X1)=O

2.0

Theorem 3. If f(x,y) belongs to the class C"( 3
D=supp f(x,y) , then the error of approxim:
Rf(x,y)=f(x,y)—L, f(x,y) can be presented in
integral form

Rf (X, y):I’Mflf(X, y)_LM (rM—lf(le))'

Proof. The M times differentiated function can be
represented as a Taylor formula

f(X, y) :TM—lf (X, y)+

(o A-t"*  whe
+;[8t“" F(X g +t(X=X ) Y +HY=Y,)) - M D! dt,

rs (X_x )r(y—Y )S R

re T,,.f(x,y)= Z f( )(qu’qu) pqr!S! ) s

0<r+ss<M-1
Taylor's polynomial with a degree (M —1) of decomposition

of functions f(x,y) the point
(X1 Ypq) -Let’s take into account that T, ,f(xy) is
Taylor's polynomial of the function f(x,y) with a
degree (M —1), and operators L, f (x, y) restore precisely all
the polynomials with a degree (M —1) . According to the

lemma, the  following of
equations:

Rf(x,y)=fT(xy)-Ly f(xy)=
=Ty FOGY) + 1 FOGY) =Ly [Ty F O Y) + 1, F (X Y)] =
=Ty, T Y)+r,f(XY) -
ALuTua F Y + Lyt F G YT =
=Ty fX YY)+, T Y) Ly Ty X y) Ly, f(Xy) =
=Ty FOGY) + R FOGY) =Ty TG Y) =Lyl F (X Y) =
=M FOGY) =Lyl TG Y).

in the vicinity of

we can  write set

Theorem 3 is proven.
Theorem 4. In the case when interpolation data are

157

Fig. 1. Case study: the system of lines.

Let’s build the operator L1f (x,y) , which interpolates
f(x,y) at the vertices of the triangle (Xk,Yk),k =13 as:

@oa(X,Y)
LLF(x,y) = f(X,,Y,) —23-""_
() = 10 20
(013()(1 y) 0)12()(1 y)
F(XoY,) — A3 (X, Y, —d2
F10a) “ﬁa(szYz)+ s’ @15 (X3.Y3)
L2 (xy) 2B s

Fi , wyz(x V) (X, Y)dsyp 17,
@15 (X%, Y, (%, Y)

sz ; @ (% Y)egy (X, Y)dsg
@ (X Y)wpg(xy) j

Ffs 1a’12(XrY)a723(X1 y)dsyy 13,

< f(x y)ds23 +
T3

f(x, y)ds31

Let’s use the designation
LF(x y) =L1f(x y) +L2(f (X, y) - LL1f (X, Y)).

Let’s check the properties of the operator Lf (x, y) :
Lf (X,,Y,) = f(X,.Y,),i=13,
) LE G y)ds; = | F(xy)ds;.

Tij Tij

1)
2)

1) By substituting the formula Lf(x,y) by the point
(X,,Y,),i :1,_3 we'll have
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LF(X,,Y,) = L1F(X,,Y,) + L2(f (X,.Y,) - L1 (X,.Y,)) =
= L1 (X,.Y,)+L2f(X,,Y,) - L2L1f(X,.Y,) =
= £(X,,Y,)+L2F(X,.Y,)—L2f(X,.Y,) = f(X,.Y,),i=13.

2) Let us consider the integral

J Lf(x,y)ds; = J (LLf(x, y)+L2(f(x,y)—L1f(x,y)))ds; =

Tjj Tjj

= [ LLF (o y)ds; + [ L2(F (x, )~ L1F (x, y))ds, =

= [Laf(x y)ds; + [ L2 (x, y)ds; - [ L2LLF (x,y)ds; =
J

1

Ty

i i I

= j LLf (x, y)ds; + j L2f (x,y)ds; - j LLf (x, y)ds; =

Iy L ry

= j L2f (x,y)ds; = J’ f (x, y)ds;,

T T

(i, ) ={12),(2,3),3D}.

L

To verify that Lf (x,y)= f(x,y)forall f(x,y)eP,.
Let’s build the operator L1f (x, y) as:

@y (X, Y) @y (% Y)
L1P,(x,y) =P, (X,.Y,) =" + P (X,,Y,) —1 =
, (X, y) = Py (X, 1)(023(X11Y1)+ ) (X, 2)5"31(X27Y2)+

@, (X Y)
+P,(X,,Y,)—222
B @, (X3, Y3)

This polynomial has the properties
LIP, (X, Y,) = P,(X,, Y ) k =13

Polynomial P/ (x,y)=P,(x,y)-LIP,(x,y) is a
polynomial of the second degree with properties
P (X,.Y,) =0,k =1,3. According to the lemma 3, every

such 2"-degree polynomial can be unambiguously
represented by the formula

@5 (% Y) @, (%, Y)
I @5(%, Y) @, (X, Y)ds,

Iy
@, (%, Y)@i(X,y) op(X Yo (xy)
13 12
.[ @, (%, Y) @y (X, y)ds;, J. @y (X, )@y (X, y)ds;,

Y] Iy,

Pz (X- Y) =

=

Thus, the operator of the function’s interpolation f(x,y)

in the vertices of the triangle (X,,Y,).k =1,3 with given

projections along each side of the triangle can be represented
as:

@y(X, ) @3(%,Y)
L1 () = £, Y) 220 gy vy @ald)
n @y (X1,Yy) o @5(X,,Y,)

@, (X, Y)
+f(X,,Y,) —2—
e @,(X5,Y3)

Lf(x,y)=L1f (X, y)+L2(f (X y)—LL(X,Y)).

So, Lf(x,y)= f(x,y) forall f(x,y)eP,.

VI. CONCLUSION

The paper proposes a new method for construction of
interpolation operators for the functions of 2 variables by

means of the known projections - integrals along a given
system of M lines. The method supposes, that there is no
more than one intersection of the lines at one point. Unknown
interpolation data are found from the condition that the
approximation operator accurately restores the polynomials
of degree (m —1). All results are formulated and proven in the

form of lemmas and theorems. The theorem is proven that
each arbitrary polynomial of (v —1) degree of two variables

can be uniquely represented by means of only M projections
along a given system of lines if all other unknown coefficients
(CZ.,—M) are selected from the condition that the obtained

operator L,, f(X,y) accurately restores all the polynomials of
(M —1) degree. An integral representation of the remainder of

approximation of the constructed operators for M times
continuously differentiable function of 2 variables is found.
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