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Analysis and Simulation of Grover’s Search Algorithm
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Abstract—A quantum computation problem of quantum
search is discussed in this paper. Grover’s search algorithm, the
most commonly used quantum search algorithm, is introduced
in details. The flow of quantum search algorithm and the
guantum circuit model are shown. And the error of the search
value, as well as the probability of measurement, is analyzed.
For further research we simulated the Grover’s search
algorithm in classical computer. By quantum simulator the
probability distribution of the measuring result of search value
is presented and the computational efficiency is discussed. The
simulation result demonstrates the effectiveness of the proposed
algorithm.

Index Terms—Quantum computation,
algorithm, grover's algorithm.
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I. INTRODUCTION

In the past few decades, we have gained more and more
ability to access massive amounts of information and to make
use of computers to store, analyse and manage this data.
Recent studies have shown the great progress towards the
physical realization of a quantum computer. Deutsch [1], [2]
systematically described the first universal quantum
computer that is accepted by now. In 1982, Benioff [3]
studied the question whether quantum computer was more
computationally powerful than a conventional classical
Turing machine. He mapped the operation of a reversible
Turing machine onto the quantum system and thus exhibited
the first quantum-mechanical model of computation, which
discovered the potential power of quantum computer. In 1994,
American scientist Peter Shor [4] proposed an algorithm that
factor a large integer in polynomial time, which is the first
practical quantum algorithm.

In 1996, Grover [5], [6] proposed an algorithm that
provides a speedup of /N in order of magnitude than classic
algorithm in searching an unsorted database. Although the
purpose of Grover's algorithm is usually described as
"searching a database", it may be more accurate to describe it
as "inverting a function™. Quantum computation and quantum
information is the study of the information processing task
that can be accomplished using quantum mechanical system.
Quantum computation has many features that differ from
classical computing in that quantum state has the
characteristic of coherence and entanglement.

Grover's algorithm can also be used for estimating
the mean and median of a set of numbers, and for solving
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the collision problem. In addition, it can be used to
solve NP-complete problems by performing exhaustive
searches over the set of possible solutions. This would result
in a considerable speedup over classical solutions, even
though it does not provide the "holy grail" of a
polynomial-time solution.

Il. QUANTUM ORACLE

Grover’s search algorithm dealt with a single object search
in large unsorted database [7].

Consider the unstructured search of an unknown number a
of items in a large unsorted database of size 2™ and there is an
index to those elements which is just a number in the range 0
to 2™ — 1.

A particular instance of the search problem can
conveniently be represented by a function f, which takes as
input an integer x(0 < x < 2™ — 1). By definition, f(x)=1 if x
is a solution to the search problem and f(x)=0 if x is not a
solution to the search problem.

Suppose there is a quantum black box which can transform
the quantum state x into f(x). The quantum black box[8] is a
unitary operation, defined by its action on the computational
basis:

U: |x)y) = [x)y®f (x))

where |x) is the index register, @ denotes addition modulo 2,
and the Oracle qubit |y) is a single qubit which is flipped if
f(x) = 1 and is unchanged otherwise.

If |y) = (|0) — |1))/+/2, the action of the Oracle is:
[0) — 1) [0) — 1)

Ug: lx)l(T) N

This transform will showed in geometry projection is:
U, =1 - 2laKal

where a is the data which will be searched in Oracle.

- (=1 @x)( )

I1l. THE PROCEDURE OF GROVER’S SEARCH ALGORITHM

In 1996, Grover discovered the quantum algorithm for
identifying a target element in an unstructured search
universe of N items in approximately /4+/N queries to a
quantum oracle. For classical search using a classical oracle,
the search complexity is clearly of order N/2. It has been
proven that this square-root speed-up is the best attainable
performance gain by any quantum algorithm [9].

In Grover’s algorithm [10], only O(v/N) steps are needed.
Grover’s algorithm has two registers: n qubits in the first one
and one qubit in the second. The first step is to create a
superposition of all 2" computational basis states. This is
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achieved by initializing the first register in the state and

applying the operator H®", where H is the Hadamard gate.
Grover’s search algorithm begins with the initialized state

[0)®", Then the Hadamard transform is used to |0)®":

2n—1
1
|s) = o7z Z |c)
x=0
We create a unitary operator:
U, =2|s)s|—1

In geometry, it means any vector v immovability in the
direction of |s) and reversed in the perpendicular direction of
[s). The unitary operator U = U, U, is defined. Apply U to
any vector |x) is:

=sinf

1
[{als)| Noid
where |s) will considered to be the vector which rotate |at)
with 6.

The Grover’s algorithm can be consisting as the follow
steps:

1) Consider an initial state: |0)®".
2) Apply the Hadamard gate on the first n qubits to get a
uniform superposition of all possible arguments.

Apply the oracle f. Note that the information on fare

included in the (n+1)" qubit,

4) Apply against the Hadamard gate,

5) Do an observation [11].

The quantum circuit representation of the Grover’s
algorithm is shown in Fig. 1.
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Fig. 1. Circuit of Grover’s algorithm.

In fact, the Grover iteration can be regarded as a rotation in
the 2-D space spanned by the starting vector |[s).
Quantum procedure:

[X)=U.[%)
[x") =V, |x)

The intersection angle between |x) and |x") is 26(26 =
a+ [ ). The geometric characterization of Grover’s
algorithm is shown in Fig. 2.

x>

AN > la>

Fig. 2. Geometric characterization.
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In Fig. 2, |x) is an arbitrary state vector, |s) is a prepared
state with equipobability quantum state, |a) is the data which
will be searched in Oracle, |at) is the state vector which
perpendicular to |a).

If x=s, then |s") = U,U,|s). The intersection angle
between |a') and |s") is 6 + 26, it is a solution of one
Grover iteration. When m steps Grover iterations were
applied to the quantum state, the intersection angle between
laty and [s™)is 6 + 2m6. 1f6 +2mb = g, the probability
of observing the result is 1. So,

0+2mb =(2m+1)-sin! 1T
ml = (2m sin \/2_n_2
T 1
m = —EZO(VZn)
4sin~l—
11271

IV. PERFORMANCE OF GROVER’S ALGORITHM

After m steps Grover iterations, the state vector |s) is
rotated to the position of (2m + 1)8. In order to get the
solution (|a)) by measurement with higher probability, the
intersection angle should close to 77 /2.

Vs
|E—(2m+1)9| =5

| T 1|_6
m-Ge P2 " 2
T 1+6
Y 2)—29
T
m~Z\/2_"

where m is the iteration steps, 6 is state intersection angle and
4 iserror.
The probability of observing |a) is :

p(a) = sin?(2m + 1)6
p(a) = 1 — cos?[(2m + 1)6]

p(a) = 1 —sin® [g -(@2m+ 1)9]

p(a) = 1 — sin®(8) = cos?(8)

It shows the Grover’s algorithm search the Oracle in

O(v/2™) times in order to obtain a solution, on a quantum
computer.

V. SIMULATION

The correctness of Grover’s search algorithm is easily
verified. But the Grover’s search algorithm processed in
quantum computer seemed very difficult. It is a better way
with classical computer simulation to do further research in
Grover’s search algorithm. We proposed a quantum
computation emulator [12], [13] in classical computer which
satisfies the requirements of quantum computer.
Conventional quantum algorithms can be operated in this
simulation system. In this paper, the simulation aimed to
analyses the relationship between the accuracy and
probability of observing in Grover’s search algorithm. The
Orcale can be written in n-qubit in Grover’s algorithm. We
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will get all the possible states by measuring the output qubit.

Build such an Oracal with 210 irregular records for testing.
This simulation will find a particular data a, in the Oracal.
The numerical simulation can simulate the Grover iteration.
In the simulation we can get the probability distribution of
quantum state of output from 1 to 21 which is shown in Fig.
3.

It shows in Fig. 3 with three different curves representing
the probability distribution of quantum state after the
different number of Grover iterations. In Fig. 3, we will get
the objective value more than 99.99% after 25 times (integer
part of %-\/ﬁ) Grover iterations , but not more than 70%

after 16 times iterations and to be worse after 8 times
iterations.
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Fig. 3. The probability distribution of different Grover iterations.

Fig. 4 is mainly about the different Grover iterations effect

on the probability of Grover search which in the same Oracle.
As it is shown, the more closer to the %-\/2_" iterations the
higher probability to get the objective by quantum
measurement.
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Fig. 4. The probability of different Grover iterations.

VI.

In this paper, we have presented an application of quantum
algorithm in the quantum information processing system. We

CONCLUSION
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have analyzed, in particular, the basic concept of Grover’s
search algorithm and its implementation in the case of
n-qubits system. The simulation of Grover’s algorithm shows
it is an efficient and effective search algorithm. The author
believes Grover’s search algorithm leave much more to be
improved.

In future, our work focuses on the quantum search
algorithm of muti-objective.
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